Obstructions are obtained for the problem of finding a Riemannian metric with self-dual conformai curvature and nonnegative scalar curvature on a given smooth compact 4-manifold. A list is given of those simply connected manifolds conceivably admitting such metrics.
Which smooth compact oriented 4-manifolds admit Riemannian metrics with self-dual Weyl curvature? The question has received new impetus from the exciting recent result of Poon [1] that CP2 # CP2 (i.e. two complex projective planes joined by a hose) has such a metric.
Since the problem is conformally invariant, it is convenient to multiply the metric by a conformai factor so that the scalar curvature becomes constant; the sign of this constant is an invariant of the conformai structure, and we will call a self-dual conformai class " type positive", " type zero", or " type negative", depending on the sign. The fact that such a rescaling of the metric is possible is very nontriival; it was only recently proved by Schoen [2] after having been known for some years as the " Yamabe problem". Now concerning type negative manifolds little seems to be known, though one may produce examples by taking quotients of hyperbolic space or the complex ball SU(2,1)/U (2) by discrete groups. Fortunately, one can say a great deal about the other two cases. Indeed, one has, to begin with, the following: Proposition 1. Let M be a compact 4-manifold with self-dual Weyl curvature and nonnegative scalar curvature. Then one of the following holds:
(1) the intersection form on H2(M) is positive definite; or (2) the scalar curvature is zero and M is a Kahler manifold with the conjugate orientation.
Proof. If alternative (1) fails, there is a nonzero anti-self-dual 2-form u satisfying dw = 0; this follows from the fact that de Rham cohomology is represented by harmonic forms (Hodge theory). But the Weitzenböck formula asserts that where C~= 0 is the anti-self-dual part of the Weyl curvature. Since R > 0, both terms are nonnegative and so vanish; Vw = 0 and R = 0. Since any anti-self-dual real 2-form looks like a(e1Ae2-e3Ae4) in a suitable oriented orthonormal frame, if we multiply the metric by a constant, and thereby make ||w|| = 2, uah will become a covariantly constant orthogonal almost-complex structure. By the Newlander-Nirenberg theorem, this almost-complex structure is integrable. M is now a Kahler manifold, but equipped with the nonstandard orientation.
Q.E.D. Well, what can be said about alternative (2)? To begin with, one has the following local result: Proof. Since the result is local in character, we may assume that M is spin-i.e. that the canonical bundle K has a square-root K1/2. Then [3] the primed spin bundle S_ is Kl/2 © K~1/2, and the spinor connection is the obvious one. Since the curvature of K is -2iRcauh, which is a form of type (1,1), requiring that R = 0 makes the "Ricci form" orthogonal to co and hence self-dual; 5_ is then self-dual. But the anti-self-dual curvature of S_ is XA,B,c,eAh, or ¡Pa'b'c^ab given that R = 0. Thus it follows that C~hcd = 4/AB'CD'eABecD must vanish.
Conversely, if M were self-dual with nonzero scalar curvature, the anti-self-dual curvature of S_ would be A(eA,c.eB,D' + eB,aeA,D )eAD,, A # 0. Contracting this with an arbitrary 2-form with typical anti-self-dual part xA'B'eAB> we conclude that 4AxcD is in the Lie algebra of the holonomy group of S_, which therefore has dimension at least (and hence equal to) 3. But for a conjugate-oriented Kahler manifold the holonomy of S_ must be a subgroup of (7(1), showing, by contradiction, that for such a manifold to be self-dual one must have R = 0. Q.E.D.
As an application, consider the following example, which seems to be due to Dan Burns: let S be a compact Riemann surface with g > 1 equipped with its R = -1 metric, and let M = S2 X 2, where S2 is given its R = +1 metric. Then M is conformally flat,2 since R = 0 and M is Kahler with either orientation-just reverse the orientation of 2! The same remark applies to any flat 2-sphere bundle over 2 with structure group SO(3).
Here is a sort of converse. Proposition 3. Let M be a compact Kahler self-dual spin-manifold of type zero.
Then M is isometrically diffeomorphic to one of the following:
(1) a K3 surface with a "Yau metric"; (2) a flat 4-torus modulo a finite group; or (3) a fiat 2-sphere bundle over a Riemann surface of genus > 1 with the local product metric.
Proof. If the signature a = b+-b~ does not vanish, we may apply the index theorem to the Dirac equation, concluding that there is a harmonic spinor since the signature of the Dirac operator Í7 is a/8. But a harmonic spinor is parallel when R = 0 because t?2 = V*V + R/4; having a parallel spinor then implies that at least one spin bundle is flat, which in turn implies that the canonical bundle is trivial. One then concludes that M is a K3 surface or a torus-the latter actually being excluded by the assumption that a # 0. For details, see [3] .
If a -0 one may instead use the fact [4] that f \\C+fd vol = 127T2a.
Hence in this case M is conformally flat. Since b~= b + ¥= 0, M is also Kahler with respect to the opposite orientation by Proposition 1 ; the holonomy is now subgroup of i/(l) X i/(l) and M locally splits as a Riemannian product 2, X 22 of oriented surfaces. But since the scalar curvature of M vanishes, the scalar curvatures of 2, and 2 2 are equal and opposite. Hence M is either flat, yielding (2),or one of these foliations is by surfaces of constant positive curvature. These leaves are compact by Myers' theorem, and hence are 2-spheres by Gauss-Bonnet. But a foliation by compact, simply connected leaves has a manifold 2 as its leaf space; in our case 2 is given a constant negative curvature metric by the transverse foliation. This yields alternative (3). Q.E.D.
What can we say more generally about the type zero case when w2 # 0? Assuming that b~J= 0, we have a conjugate-oriented Kahler surface with b~= 1 + 2pg, where pg = h2ß is the geometric genus; moreover, our Weitzenböck formula told us that all closed anti-self-dual forms are parallel, so 6~< 3 and pg < 1 with equality only if the canonical bundle is trivial. For w2 + 0, this yields pg = 0.
Since the Ricci form is self-dual-i.e. anti-self-dual with respect to the complex orientation-we have c2 < 0 with equality iff M is Ricci flat. By Yau's solution [5] of the Calabi conjecture, the latter class of manifolds consists precisely of those Kahler surfaces such that some power of the canonical bundle is trivial; these are covered by K3 surfaces or 4-tori, and are called, respectively, Enriques surfaces and hyperelliptic surfaces [6] .
Now an earlier theorem of Yau [7] asserts that a Kahler surface of nonnegative scalar curvature is either a blowup of either a ruled surface or CP2, or else has torsion first Chern class. We now apply this to get less precise information about the remaining cases (pg = 0, c\ < 0, and w2 ¥= 0), concluding that the remaining possibilities are blowups of CP2 and ruled surfaces. We also have a lower bound on the number of points that must be blown up in order to arrange that c2 < 0; the Riemannian-Roch theorem says 12(1 -q + pg) = c2 + c2, and hence 12(1 -q) < X-If bx = 2q = 0, this then asserts that, with the conjugate orientation, b+> 9, and hence M is diffeomorphic to mCP2#CP2 (i.e. CP2 with m points blown up, given the conjugate orientation) for m > 9.
Combining these remarks with the work of Donaldson and Freedman [8] we get the following Theorem. Let M be a connected simply connected compact self-dual 4-manifold.
Then one of the following must hold It remains to be seen whether possibilities (d) and (e) actually occur.
